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Abstract. Let TZ, , n denote the repartition of the z/-point correlation measure of the 
finite set of directions P( xy \P, where P( x ,y) is the fixed point (x,y) € [0, l) 2 and P is 
an integer lattice point in the square [—Q,Q] 2 - We show that the average of the pair 

(2) 

correlation repartition , q over (x, y) in a fixed disc Do converges as Q ~ » oo. More 
precisely we prove, for every A £ R+ and each < 8 < the estimate 

^ K?Jv)o( X ) dxd y= ^ + O O0 ,xAQ~^ +5 ) asQ^co. 



Area(Do) J J ' v («.v).Q^ — 3 

We also prove that for each individual point (x, y) £ [0, l) 2 , the 6-level correlation IZ^. a % q(A) 
diverges at any point A € R+ as Q — > oo, and give an explicit lower bound for the rate of 
divergence. 



1. Introduction 

In many problems one is led to consider in the Euclidean plane lines joining a fixed point 
Pq (which is not necessarily an integer lattice point) with a set of integer lattice points. 
A natural way of measuring the distribution of directions PqP, P E Z 2 , is via correlations 
and consecutive spacings. When the fixed point is the origin, the problem is related to 
the distribution of Farey fractions with multiplicities, each fraction - in Tq being counted 
[— ] times. The consecutive h- level spacing measures of customary Farey fractions were 
computed for h = 1 in |S] and for h > 2 in . Limiting correlations of Farey fractions were 
shown to exist and computed recently in [5]. 

When the fixed point is not an integer lattice point, the problem of existence of limiting 
correlations/consecutive spacings is considerably more difficult. It is therefore natural to 
try to prove first some averaging results, letting the fixed point to vary in a given region. In 
the first part of this paper we derive such a result for the limiting pair correlation measure. 
The limiting average pair correlation function is constant, as in the Poisson case. What is 
striking however is that this constant is not 1, as in the Poisson case, but ^. 

We now give a mathematical formulation of the problem. For each Q > 1, let Dq denote 
the set of integer lattice points in the square [-Q, Q] 2 , and set N = Nq = #Dq = (2Q + 1) 2 . 
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For each point P( x ,y) = ( x >y)i we consider the finite sequences (0p(x, 2/))p e Q Q > Q large 
integer, of angles between the line P/ Xj y\P and the horizontal direction. The pair correlation 
of this finite sequence is defined as 

(2) #{(P,P')eD| : P^P', £\e PtP ,(x,y)\<\\ 
K) \nW = — ^7 A G R_|_, 

where Op t p>(x,y) denotes the measure of the angle /-PPr xy \P' . 

Throughout the paper we shall consider a fixed disc Do of center (cco,yo) £ [0, l) 2 and 
radius ro- We are interested in the asymptotic behavior of the average 

(2) 

of T^)Jy\ qW over ^Oj for fixed A > and Q — > oo. 

The first three sections are concerned with the proof of the following result. 
Theorem 1.1. For every A > and 5 > 

(1-1) R < bIqW = ^ + Ob ,xAQ^ +S ) as Q^oo. 

If one replaces Do by a vertical or horizontal segment of length one, an identical asymp- 
totic formula as in turns out to be true. This can be proved by similar techniques as 
in this paper or using Erdos-Turan type discrepancy estimates, and suggests that (jl.lj) may 
be true regardless of the shape of the range of the fixed point. 

The behavior of higher level correlations appears to be different. In the last section we 
prove that the 6-level correlations diverge for every individual fixed point. When v > 2, 
the repartition of the i^-level correlation measure of the finite sequence [Qp(x, y)) is 
defined for each vector A = (Ai, . . . , \ u -\) G M*! -1 by 



Cl-2) <L,oW 



#{(Pl,...,P„) G □£ : Pi distinct, |0 Pi , A+1 (x, y)\ < , l<i<u-l} 



For randomly chosen directions one would expect to obtain the Poissonian limit 

v-l 

(1.3) \imJZ^ y) Q {\) = Vol H [-A*, A,] = 2 V ~ 1 X 1 . . . A„_l 



i=l 



It turns out however that ()1.3|) fails in this situation. More precisely, we will show that if v > 
6, then for every point (x, y) G [0, l) 2 and for every (Ai, . . . , X v -\) G lim TZ^ n (X) 

oo. This is a consequence of 



-oo 
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Theorem 1.2. For every (x,y) E [0, l) 2 , every A = (Ai,...,As) E M+, and ewer?/ <5 > 0, 
for Q large enough in terms of x,y, A and 5 

(1-4) <W A ) > 

As in Theorem 11,21 one can prove 

Corollary 1.3. The 6-level correlations of angles of directions Pr Xi y\P, where P is a lattice 
point inside an expanding region Qfi, diverges as Q — > oo whenever Q is a convex domain 
in R 2 which contains the origin. 

The phenomenon is similar to the one encountered in the problem of the distribution 
of fractional parts of polynomials. There, one can handle the pair correlation problem 
generically (see [H]j|Sl)- Moreover, in the case of the sequence n 2 a (mod 1) one is able to 
solve the problem for all m-level correlations for a large class of irrational numbers a (see 
H3)E3)- However, as shown in [5], there are irrational numbers a for which the 5- level 
correlation of fractional parts of n 2 a, 1 < n < N, diverges to infinity as iV — > oo. This 
occurs as a result of the presence of large clusters of such fractional parts. In the case of 
Theorem 1 1 . 21 ab ove , large clusters of elements of the given sequence are responsible, too, for 
the divergence of the 6- level correlations, and hence of any other higher level correlations. 



2. A FIRST APPROXIMATION FOR Rq\\) 

For obvious practical reasons, we try to replace from the beginning 9ppi(x,y) by one of 

(2) 

its trigonometric functions in the definition of T^)Jy\ qW- Suppose that two distinct points 
P = (q,a), P' = (q',a') E Dq, are such that q, q' > and max{a, a'} > > min{a,a'}. 
Then for sufficiently large Q (depending only on A) we have 

i Q , v. s 1 2^A 
mm Wp pi(x,y)\ > arcsm — , > . 

(».»)6[0,l] a ' a/Q^TI n 

As a result, we may only consider in the definition of T^) X y-\ q points from the same 
quadrant. Thus if we set 

U 2 Q = |(P, P') E Dq : P / P' and P, P' belong to the same quadrant j 

and 

/ \ n 2vrA . 2vrA vrA ^ / 1 A 

(2.1) (3 Q ,x = sm— = sm + = _ + A ^_ j as Q - oo, 



1 

then 
(2.2) 



#{(p,p>)enl : \e P>P ,(x,y)\<^} 



N 



#{(P,P')en 2 Q : \sme PiPI (x,y)\<l3 Q> x} 



N 



For P = (q, a),P' = (q', a'), (x, y) G M 2 , we define 

Lp,p> (x, y) = (a' - y)(q - x) - (a - y) (q' - x) 



Then 



sin Op,p'(x,y)\ 



1 x y 
\Lp,p>(x,y)\ 



2AreaAPP (Xj j /) P / 

\P{x,y)P\\ • \\P(x,y)P'\\ \\P(x,y)P\\ ■ \\P(x,y)P'\ 



For each P, P' G \Dq , consider the weight 

w PtP/ (Q,\) = Area|(x,y) G Bo : \Lp,p<{x,y)\ < PQ,\\\P( x ,y) p \\ ■ \\ p (x,y)P > \\\' 
From ()2.2|) we infer that 

(2.3) R qW = ^ £>p,j»(Q.*)- 



Denote 

7 = 7P,P'(Q) 
and define for every fi > 



|OP|| • HOP')) yV + a 2 vV 2 ^ 



,/2 



Q 2 



Q 2 



Ap,p>(Q,v) = Area|(x,y) G Dq : |ip,p'(a;,?/)| < M7p,p'(<2)}: 



(2.4) 



(P,P')6D 2 



(21 

In the remainder of this section we show that the asymptotic of Rq (A) as Q — > oo is 
closely related to that of Gq(^). 

For fixed P,P', denote by the angle between the line I determined by P and P' and 
the horizontal direction. Consider also the lines £±, parallel to i and such that dist(£, £±) = 



^g/^l • The equation of I is given by 

while the equation of is given by 

(<±) 



Lp,p>(x,y) = 0, 



Lp,p'(x,y) = ±/ry. 



We see that 



dist(4,£_) = ^L. . cos e= 2/i7 < l " 



vV-^ + fa'-a) 2 " V^'-^ + K-a) 2 ' 

The set whose area defines Ap t p/(Q, /i) is the intersection of the strip bounded by and 
^_ and the disc Bo, thus 

(2.5) A P ^(Q,/i)<2rodiBt(i +J £_)< * / "'" 



^ (g /_ {? ) 2 + (a /_ a) 2 
We also have 

(2.6) Ap p'(Q, /i) ^ only if ja'g — aq\ < 2/i + |a' — a\ + |g' 



Lemma 2.1. Let a £ (0,1]. Let C be a compact set in ]R + . Then for all e > and all 

H G C 

^ £ ^P,P'(Q^)=0 C ,Do, £ (Q Q ~ 1+£ ). 

P^P' 

Proof. The estimate ()2.5j) reads as App/(Q,^) = Oc.Bo ( hpp'H )• Combining it with 1)2,6(1 
we see that it suffices to show that 

Pen Qa ,p'en Q 11 11 

\a'q-aq'\<SLc,e\\ PP '\\ 

Taking P" = (g", a") = (q' — q, a' — a) € D 2 q, we gather 

1 



^< E 



\a"g-aq"\<.c\\OP"\\ 

^ E #{^' a ) G [-Q"^"] 2 : lA-a/| «c \\OP"\\}. 

The two conditions on (g, a) above yield that (q, a) should belong to the intersection of 

IIOP"ll ;/ 
a strip of width <Cc op» = 1 bounded by the lines y = ^tt x ± «c with the square 

[— Q a ,Q a ] 2 - The number of integer lattice points inside this region is of order Oc(Q a ), 

thus 

1 



A Q«cQ a E WTP^l= Qa E 



|OP"|| ^ ^ ,/ m 2 T n 2 
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;2 . „2 i „2 



Since r2(k) = {(m,n) G Z : m + n = &;} = £ (k e ), this gives 

4Q 2 4Q 2 

k=l m 2 +n 2 =fc V K fc=1 VI 

4Q 2 

« £ Q Q ^ fc £ ~i « Q a (Q 2 ) £+ ^ = Q Q+1+2e , 
fc=i 

as desired. □ 



Lemma 2.2. For every compact set C C M+ and every e > 0, i/iere exisi constants 
M 1 ,M 2 >0 such that 



% Gq(^-M 1 Q^) -M 2 Q-^ < (A) < ^ +MiQ-i ) • M 2 Q ■ 



Proof. The trivial estimate 

\\p (x , y) p\\ = \\op\\ + o® (i) 

and (JXTJ) yield for all P, P' G Oq, A G C, (x, y) G D Q , that 
^aIIP^^II • 11^)^11 = PqA\\op\\ ■ \\OP'\\ + 0(Q)) 

= -y 1p,p'{Q) + Oc,d (^) = 1p,p'{Q) ( ^ + O c ,d 

= ip.p' (Q) ( + Oc'.Bo f 



2 ' °VQ 7FiP ,(Q) 

2 2 

We first analyze the case where min{||OP||, ||OP'||} > Qs . In this case jpp'(Q) > Q~*. 
and the relation above and the definitions of wp : pi and Ap pi, yield Mi > such that 

A p ,p> [Q, ^ - AfiQ-s J < «>p^(Q, A) < A P ,p/ m, ^ + M X Q' 

When min{||OP||, ||OP'||} < Q§, we take a = § in Lemma Q Since ^aHP^PH • 
||P(x,j/)P'|| <c ttA7p i p'(Q) as Q ^ oo, we get 

W P,P'(Q> X ) <~c Yl A P,P'(Q^ X ) <~C,eQ^ +£ - 

min{||OP||,||OP'||}<Q§ min{||OP||,||OP'||}<Q§ 

□ 
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3. A FORMULA FOR Gq(/jl) 

An immediate consequence of (|2.5|) and (|2.fij) is that the contribution to Gq(/j,) of pairs 

of points (P,P') G fig with a' = a or with e/ = g is negligible. Indeed, we see from (|2.6|) 

that when a' = a ^ 0, the term Ap p'(Q, u) is zero unless \q' — q\ < 2fi + r-r <2fi + 1, thus 

' \ a \ 

the total contribution of such points to Gq(//) is 

0<\q'-q\<2n+l 0<\q' -q\<2/j,+l 

0<|a|<Q 

The contribution of pairs of points (P, P') £ U 2 Q with a' = a = to Gq(/i) is 

l v-^ 1 ln( 3 

<<C ^,,n<o^ << ^' 
kU<? l<<3 

Similar estimates in the case q' = q show that 
(3-1) GqOx) = £ Mp'(Q^) + Oc,b 

As a result, we shall subsequently assume that a' / a and q' ^ q. We now set 



a' — a „ ag' — a'g 7 \A 2 + a 2 \/q' 2 + a /2 



a = — — ; p = — ; ; 70 



9' -9 k'-<?l <2 2 l</-<?l 

The remainder of this section is elementary and is concerned with putting Gq{^l) in a 
tidy form, suitable for a precise estimation which will be completed in the next section. 

Let Co denote the center of Do, let £' be the line passing through Co and perpendicular 
to £, and denote by A+ and A- the intersections of £' with the circle dH>o, by Eq the 
intersection of £' and £, and by E± the intersection of £' with £±. Direct computation gives 

oto (a' — a)r ayo + xo — a/3 =F 0/270 
ii, = xn T , = in T — — ; xe-l. = k ; 

v^TT vV - ?) 2 + («' - a ? a + 1 

£p_ -a^s+l _ 2/i7o _ /zyV + a 2 yV 2 + a' 2 



= dist(£ 



sin0| ^^2^1 Q 2 \\PP'\ 



While ordering the points xe + < xe_ and xa + < xa_ the following situations may occur: 
Case 1. xe + < xa + < xa_ < xe_, that is 

ayo + xo — a(3 — 0/^70 aro aro ayo + x$ — a(3 + a/^70 

7, < xo , < xo H , < n • 

a 2 + l v^TT v^TT « 2 + ! 
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Figure 1. The intersection of the strip bounded by £+ and i- with the disc Dq. 



This gives /ryo > roV a 2 + 1, hence 



roVw ~ Q) + ( a - o) < — " gf < 2 /i. 

Suppose first that \a! — a\ < \q' — q\. By Q2.5|) we know that for fixed (q,q'), the expression 
D = aq' — a'q will only take values between — 2fi — and 2fi + Hence the number of 
solutions (a, a') of aq' — a'q = D is of order Oc{d), where d is the greatest common divisor 
of q and q' . But d < hence this is actually Oc (1) an d the contribution to Gq is 

«o 7I2 E E 1 « 4 E 1 « ?> • 

M,|g'[<Q |a|,|o'|<Q ^ kl,k'l<<3 

0<[g'-g|<l 0<|g'- 9 |<l 
0<\a'-a\<\q'-q\ 

The case \q' — q\ < \a' — a\ is settled similarly by first summing over (a, a'). 
Case 2. xa+ < %E+ < %A- < xe^, that is 



|^7o - tq\J a 2 + 1| = r \J o? + 1 - /X70 < yo - ax - (3 < /X70 + roV a 2 + 1 
or equivalently 



lo'g - ag' + (</ - g)y - (a' - a)x - r Q yJ (q' - q) 2 + (a' - a) 2 I < 



M7- 



The change of variables a' — a = a" , q' — q = q" gives 



\a"q - aq" - r Vq" 2 + a" 2 + q"y - a"x \ < /i 7 < 4/x. 

So, keeping a" and q" fixed, the range of a" q — aq" has cardinality Oc(l)- Now the equation 
a"q — aq" = K has either no solution (q,a) when d = gcd(a",q") does not divide if, or 
has O(^tt) solutions (g, a) when <i divides Thus the contribution of terms Ap,p' with 

q " 2 + a "2 = y _ q) 2 + (a / _ a )2 > Q ig 



^ 0<\gS\K\<[%] 0<|tf|<[§] 



gcd(gj',ai')=l 

The contribution of terms 4f>p/ with g" 2 + a" 2 = ((/ — g) 2 + (a' — a) 2 < Q is 

1 \ - \ - Q 11 a/Q n -I 

l<d< v / Q 0< | (? //| i | a //| < ^J <i,9 -l 

Case 3. xg + < xa+ < xg_ < that is 



-^70 - r \/ a 2 + 1 < yo ~ ax - (3 < -|/^7o - r V a 2 + 1|. 

We infer as in Case 2 that the contribution of Ap pi is in this case too O s {Q—2 +8 ). 
Case 4. xa + < %e + < %E- < > that is 

/i7o - r \/ a 2 + 1 < yo - a^o - < -A*7o + r \/ a 2 + 1 , 

or equivalently 



\Lp t P'(x ,y )\ < roy/ (q> - q) 2 + (a' - a) 2 - ^7 = r \\PP'\\ - ^7. 



Denote k = q'—q and £ = a'— a. The interval 2^ = [rov^ 2 + ^ 2 — ky^+lxQ— /x 7 , r§\Jk 2 + £ 2 — 
/cyo + ^xo] has length /X7 <Cc 1- Hence we find that the contribution of terms Ap,p> for 
which r \\PP'\\ - M7 < ^p,P'(x , y ) < roll-P^H to G Q is 



-ka'-eq'ei k ,e 



I Q I j 1^1 ^ 1 ^ 1 
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One shows similarly that the contribution of points P,P' for which — ro||PP'|| + fi'y < 
Lppi(xQ,yo) < ro||PP'|| is of the same order. Therefore by IJM.lj) and the previous consid- 
erations we infer that 

(3.2) Gq (^) = _L £ A P)P ,{Q^) + CM , S (Q^ +5 )- 

o-'+a.q'^q 
\L PtPl (x ,y )\<r \\PP'\\ 




Figure 2. 

Next Sp t pi is approximated by elementary calculus. 

Lemma 3.1. The area of the region inside the circle of radius ro centered at the origin and 
inside the strip bounded by the vertical lines y = t\ and y = t 2 , —ro < t\ < ti < ro, is 
given, for small t 2 — t\, by 

A ro (t 1 ,t 2 ) = 2{t 2 -t 1 )^Jr 2 - (j^^j +O n ((t2-ti)*) 
Proof. The error is seen to be given (see Figure 2) by 




2 



It is <C {t 2 -tif/ 2 as a result of 

I yrf-x 2 - \jrl~y 1 | < yj\x 2 - y 2 \ < 2^J\x - y\. 

□ 
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We take 

x E± -x Eo vT+c? Lpp,(xo,y ) T M7 

:= —q — = \ x e± ~ x e ) = II pp/ii • 

sm# a II "" II 

Notice now that 

( 3 - 3 ) t E- ~ tE+ = \\ppi\\ <c " \\pp>\\ ' 

denote k = q' — q, £ = a' — a, 



(3.4) J M = [-kyo + £x - ro^k^ + i 2 , -ky + lx + r^k 2 + £ 2 }, 

and find that the contribution of the error provided by Lemma 13.11 in (|3,2|) is 



1 



q'^q,a'^a ka'-lq'eJ k , e 
\L Ppl (xo,yo)\<r \\PP'\\ 



Q 2 fc ^ fc V (k 2 + ^ 2 )3/ 4 



1 ^ Qci 

-^S fc o£^'^° 2+ ^ )l ' d3/2 ^+^) 3/4 



] , t 



^ d=i k u e =i l o 
lnQ^^ QV 2 

ln 2 Q 
<gr — — 

Therefore by (pO|) . Lemma EU (E3J) and we find that 

(3.6) G Q ( M )=1 £ S P)P ,(//) +O C)D0)5 (Q-i +5 ) 

(P,P')eQ| 

|-Lp P ,(a:o,2/o)|<ro|[PP'|| 
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where Bp t p'(Q,[i) denotes the contribution of the main term in Lemma lH. II to (|«-{.'2|) . that 
is 



o tn \ ou * \ 2 f t E-+t E+ \ 2 2/x 7 / L Pi p,(xo,y y 
Bp,P>(Q,fi) = 2{t E _ -t E+ )dr$- ^ j = 2 ' ijppTji^o ^ppTp 

(3-7) 

_ ^^/rgUPP'P-Lp^^cyo) 2 

~ IIPP'II 2 ' 



Finally we show that, if a' — a < q' — q, one can replace 7 by ^ gg'(l + 7~r~p ) m <|3.7jl 
and (j2SJ). Since |L P ,p/(x , y )\ < r \\PP'\\, then |a'g-a</| < (r + y^f+y^)\\PP'\\, and 

a' — a a 



I (a' -a) 2 I a 2 

This gives 



< 9 



q'-q q 



Wq ~ aq'\ \a'q - aq'\ 

/ ^ ii pp/ii 

q —q \\PP\\ 



and similarly 



V^^ = + +00,(1), 



Hence one can replace Bpp/(Q,/j,) in Q3.6JI by 

_ W^/rgllPP'P - Lp )P ,(x ,yo) 2 
P ' P ' Q 2 max{(g' — q) 2 , (a' — a) 2 } 

at the cost of an error which is 



— V i 

|£p,p/(zo,S/o)l<r ||PP'|| 

^ <f=l fe /o=l d=l 
In summary, we have shown for any /j in a fixed compact set C C M+, that 

r a \\PP'\\>\L ppl {x ,y )\ 
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as Q — > oo. 



4. Estimating the sum Sq 



By reflecting Dq about the axes and about the line y = x, we see that it suffices to only 
estimate the contribution Aq{h) to Gq{(x) of points (P, F') G (0, Q] 2 with < a = |t5| < 1. 
We thus consider 



where 

1 _ qq'^rl\\PP>\\*-L PtP ,{x Q ,y Q Y 
S Q~qa 2-, W^W 

0<q,q'<Q 
0<a,a'<Q 
ro\\PP'\\>\Lp tP ,(x ,yo)\ 

0< a-a <1 
q'-q — 

2 ^ W' \j rl({q' - q) 2 + {a' - a) 2 ) - L P:P ,(x ,y ) 2 
= Q4 2^ ((/' - q) 2 

0<a<a'<Q y ' 

0<q<q'<Q 
r \\PP'\\>\L p p , (ar ,yo)| 

o<4^<i 

9-9 — 

Then we gather from Q3.8|) and the above formula for Sq that 
(4.1) Gq(jm) = 8A Q (ti) + Cfi(hS (Q-T6+ s ) = 32fiS Q + O c , 0o AQ~^ +S )- 

Changing q to q' — q and a to a' — a, we may write 
2 

<2 



2 sr^ (q' - <?)<?V r'o(q 2 + a 2 ) - (y q - x a + aq' - a'q) 2 
b Q~7y[ 1^ ~2 



0<a<a'<Q 
0<q<q'<Q 
a<q 

ro\J q 2 +a 2 >\y q-x a+aq'~a'q\ 

Putting 

V = aq — a q 

and taking J qA as in (|3.4|) . that is 

J q,a = [-QUO + ax - r \/q 2 + a 2 , -qy + ax + r Q y ' q 2 + a 2 ], 

we get 

(a o\ q 2 v W - qWV r o(q 2 + fl2 ) - tegg - ^o a + W 

l<a<g<Q DeJg.a g'e[g,Q] 
a'e[a,Q] 
ag'— a'q=D 
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We will prove the following result. 



Proposition 4.1. Sq = ^ + Onj 0i( s(Q~*r +<5 ) for all 5 > 0. 
From this and (|4.1j) we infer the following 

Corollary 4.2. Gq([i) 



^ |-^C,B ,W 10 ) 



Theorem 11.11 now follows combining Corollary 14.21 with Lemma 12.21 

We now start the proof of Proposition 14.11 We first lay out some notation and prove an 
elementary calculus lemma. Fix acb A) G K an d consider the function 

$(t, x) = * Q0 ,/3b( t > x ) = 1 + * 2 - (A) - ^0 + ^) 2 , 



and the domain 



V = V aoA = {(t, x) : < t < 1, $(t, z) > 0}. 



(0,1) 



(0,-1) 



(1,V2) 



(1, V2+a -/3 ) 




(1, -V2"+oto- 



(l.,-V2) 

Figure 3. The regions £> ,o and T> ao> p . 

Consider also the projection pr 2 £> of T> on the second coordinate, the x-section 

(4.3) I x = {te [0,1] : *(t,x)>0}, 
and the i-section 

(4.4) J ( = {xepr 2 D : $(t,s)>0}. 



15 



Define the function ip = ipa ,/3 ■ WtP ~^ [0, oo) by 



Lemma 4.3. For every ao,0o £ R one /ias 
(i) j\^{x)\dx< V2 + ln(l + V2). 

P r 2 I, a ,/3 



2tt 



Proof, (i) By the definition of $ it is seen that 7 X is the union of one or two intervals 
[a(x), b(x)], where a(x) and b(x) are equal to 0, 1, or a root of <]>(£, x) = 0. In all these cases 



$(a{x),x)a'{x) = <S>(b(x),x)b'(x) = 0, 



and as a result we get 



b{x) b(x) 
dx J V J y/Qftrf 

a(x) a(x) 



dt 



and 



tf(x) = ^J VW^j dt = J 



too — (3q — x 



dt. 



Using the triangle inequality and the change of variables (u, v) = T(t, x) = (t, too — 0o — x) 
we obtain 



| V 7 ' 0*0 1 dx 

P r 2©a „3 P r 2©a 

// 



too — 0o — x 

X 

\ta - O - x\ 



dt 



dx < 



pr 2 X> a0i/ g I x 



[top - 0o - x\ 

7Wx) 



dt dx 



V 



y/1 + t 2 - (00 ~ too + X) 2 



dt dx 



©0,0 



y/l + u 2 — v 2 



du dv 



= \/2 + ln(l + V2). 
(ii) The same change of variable as in (i) gives 

, x) dt dx - 



\/l + u 2 — v 2 du dv 



2vr 



"O'^O 



©0,0 



□ 
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We start to evaluate Sq. If D € J q , a , then D G fi 9 = ( - (2 + r "\/2)g, (2 + r \/2)g). The 
equality aq' — a'q = D is equivalent to a' = aq ~ D . Hence in the inner sum we should sum 
over q' G [q, Q] such that aq' = D (mod q) and 

a</ - D „ 
a < — < Q, 

q 

or equivalently 

(4.5) max/g, q + — 1 < q 1 < min < Q, SS^L- —\, 

[a) { a J 

Next we show that the bulk of the contribution to Sq of (|4.5|) only comes from 

q < q < Q. 

To see this, notice first that for q' fixed, the relations D = aq' (mod q) and |D| < (ro + V2)q 
imply that D takes at most 3 + [ro] values. So the total contribution of terms with < 
q — a < 2 + [ro] to Sq is 



lnQ 

g4 ^Z_, ,2 -Q^g - Q • 

When q - a > 3 + [r ], we get —D < (3 + [r ])Q < (g - a)Q, thus Q < Suppose 
now that q' is between q and e? + ^. Owing again to aq' = D (mod (?), it follows that 
aq' = D + kq for some integer k. But the range of q' is an interval of length hence 
the range of k = ^ — is an interval of length <C 1 + | • ^ < 4 + [ro]. Thus A;, and 
consequently </, take at most 0(1) values. Besides, in this case we have < q' — q < 
Hence the contribution to Sq of terms with q' between q and q + is 

«ni E £->-■« = qi E - E i^i«g4E-E^ 

Therefore we have shown that we can replace the summation conditions in the inner sum 
from (|4~2^) by q' £ [q,Q] and aq' = £>(mod q). 

We write x = r a and y = r f3 . Take V = V aoAv <£> = $ Q0 ,A) and ip = ip a0j p , unless 
otherwise specified, and note that 

2/2 2\ / „ , n \2 „2„2,- ' a D i 



r5V + o ) - (yog - x a + L>r = r5Y$ -, . 

\9 r oqJ 
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Then (|4.1|) and the previous considerations lead to 

E E E <^f(^) +0 («-^Q) 

0<a<g<Q D€r q.Ja q'e[q,Q] H » vy uy 7 

9 ag'=Z) (mod g) 

= 7^E^ E E u-Mft^j+ovr^v, 

g=l y Der qpr 2 V q'<E[q,Q] » ^ y Uli/ 

r0<2 

aq'=D (mod q) 

where and Jt are defined as in ()4.3j) and (|4.4|) . 

Take d = gcd(q,q') and write q = dqo, q' = dq' . Then d divides D, so D = dD$. The 
congruence adq' = D (mod <i(/o) is equivalent to aq' = Dq (mod qo), and we may write 

(">^EE^ d E E «-^*(^) + o W - lb Q). 

d go=l Doeroqopr 2 I' g£e[g ,fi] V 
gcd(g ,g )=l 

r oio 

a Qo= D (mod 50 ) 

To estimate the inner sum above, we need some information about the distribution of 
solutions of the congruence xy = /i(mod q). We shall employ the following result, which is 
a consequence of Proposition 16.41 from the Appendix. 



Proposition 4.4. Assume that q > 1 and h are two given integers, 2 and J are intervals, 
and f : X x J — > R is a C 1 function. Then for every integer T > 1 and every 5 > 

]T /(«,&) = El|l J! /(^^^y + o^i + M^i + M^TSii/i^^gcd^g) 



aex, be j 

ab=h(mod q) 
gcd(6,<?)=l 



where 



+ (i + H) (, + ^)ni D /iMi+v d (M) + »a 



|oo,Xx J- 



We now return to the formula for Sq given in (|4.6|) and first give an upper bound for the 
contribution to Sq of quadruples (d,qo,DQ,a) for which 

(4.7) < r 2 d 2 q 2 1> (^-, = r 2 (a 2 + d 2 q 2 ) - (dq y - ax + dD ) 2 < L 2 , 

\dq r qoJ 



with L = L qo > 1 to be chosen later. 
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.2 



Lemma 4.5. Let F(a) = ua + va + w with ti/O. Then for any K and L 

\{a G R : K < F(a) <K + L 2 }\ < 2|LI 



Proof. Using 

{a : K < F(a) < K + L 2 } = {a : —K — L 2 < -F(a) < -K} 

we see that it suffices to consider the case u > 0. In this case the statement follows from 
the fact that the double inequality K < F(t) < K + L 2 is equivalent to 

1/ v 2 -4uw\ ( v \ 2 L 2 1/ v 2 -4uw 



u \ 4u / V 2u ) u u\ Au 

and from the inequality 



x - y/y\ < y/\x - y\ 



□ 



Suppose that (d,qo,Do) is fixed and consider the following two cases: 
Case 1) ro / Xq. 

By (|4.7j) and Lemma 14.51 the range of a is the union of at most two intervals of length 
. Hence a can only assume O{L q0 ) values. But, for each a, q' belongs to [qo, ^] and is 
subject to the condition q' a = Do (mod qo). Hence q' takes 0(l + ^jM = O(^) values. 
Thus the contribution to Sq of quadruples (d,qo, Dq,o) which satisfy (|4.7|) is 

Case 2) ro = xo thus ao = 1. 

In this case we collect directly from (|4.7|) 

+ (iDp) 2 - r 2 d 2 q 2 < ^ < L 2 + (dq y + dL> ) 2 - r 2 rf 2 gg 
2r d(D + g yo) ~ ~ 2r d(D + q y ) 

L 2 

Hence a can only assume 0[^ff^) values and we find, arguing as in Case 1, that the contri- 
bution to Sq of quadruples (d,qo,Do,a) which satisfy Q4.7JI is 



go 



Q 4 Vr?0 <*A> ' d<Zo \d) dq Q ^ Q 3 

(4.9) 



d qo |D |<9o " ™ \ / "* 90= i % 



^o_ 



«4e 



90 = 1 % 

Next we investigate the case 

rld 2 ql<S>(^-, — j = r 2 (a 2 + d 2 gg) - {dq y - ax + dD f > I 2 . 
\dq r q J 



We consider the range of q' Q : 



~qa,d 



Q 

' d 



the range of a (which is the union of at most two intervals): 



<^qo,Do,d,L 



y e [0,dq ] : $1 — — I > 



/ y D \ L 2 \ 
V^o' r q J ~ r%d 2 q 2 J ~ ^ 



and the functions 



G{x) = G qo (x) := (x - q )x, x £ I q d , 



*(i0 = * qo ,D ,d(y) 

F(x,y) = F q0tDo>d (x,y) 



t (jL,3 

ydqo" r t 

G(x)V(y), (x,y) e l qt)td x J qo ,D ,d,L 



y ****** z%**>\ 



With this notation the following estimates hold on I q(hd x J qo ,D ,d,L'- 



\\G\\oo « 



0? 

d 2 ' 



Halloo «1, ||F|| 00 <||G|| 00 ||^|| 00 < 



0? 

d 2 ' 



l|G'||oo«|, 



sup 



( l -°%)y _l QQ I Do 



1 



Police < IIGIIocMoo + IIG'H 



Q 2 1 Q Q 2 /l L 



DO * OO 



^ <i 2 L go ^ d dL qo \d Q 



Applying Proposition 14.41 we find that 



gcd(g^,g )=l 
aqQ=_Do(mod 50) 



V?(<?o) 



,Do,d(a) 

gcd(q' ,q ) = l 
a ^Jq ,D ,d,L 
ai?Q=Do(mod go) 



d 

J G qo (x)dx J % q0j D ,d(y)dy + £ qo>Do>diL , 



J< 
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where 



Q 2 1+5 Q 2 Q |+5 Q 2 

£ qo ,D ,d,L ^ 5 ^' dT q ' ~p ' g cd (Ab <7o) + — • dTqtf • -^j- gcd(D , , 

Q , Q 2 1 

^+<5 



d d 2 L T 



Using 



we see that 



d^ { T% ^d(D ,q ) + + — j 



E gcd(^o,9o) <5<7o +5 , 

|Oo|«» 



V f 4tr ^T 2 J +5 + T ^ +5 + q ° \ 



|A)|<go 

I JL 
Taking T = [^q ] and L = q^ we find that 



|A)|<9D W 



Thus the total contribution of £ q0: D ,d,L to Sq is 



1 « « ^ 1 i , 

Moreover, the quantities in ()4.8|) and (|4.9|) become 

1 ® _i ol 

« Q E % 5 « ^ = < Q _T ° , 

90=1 



and respectively 



Thus we gather 



« A E « Q^ +s < 

(70=1 



10 + 5 . 



(4.io) s Q = m q + o (5 (q-^+ <5 ) 

with 



[Ql f 

M( 3 = tS^X]~ E / G lo( x ) dx q> qoM (y)dy. 

j 1 yo „ ~ % J J 



d go=i Doer-ogoP^ <j J 



n J 9 / 10 
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Next we show that we can replace J 9/10 by dqQ lp in the last integral. Clearly 

J ^ , 9/10 C dq Q I Dn and by Lemma E31 we have 

lo,Do,d,%' ~ 7^ 



dqolD \ST _ , 9/10 



9/10^2 



(?o 



« 2 \ if— 3 «<• 



Thus 



< 



J r 0<?0 



n j 9 / 10 
qo,J->o,d,q ' 



9/10 4/5 

dgo d 



dqoIn \J , 9/10 



and as a result the error that results from replacing J^ q0i D ,d,L by dgp lpg in Mq is 



''090 



« 754 EE 



d<p(qo 



4/5 



G qo (x)dx. 



On the other hand we find that 



3" ?o 



G go (x) cfe = / x(x + g ) dx = q g 



3 _/ Q 



where 



In particular, the integral of G qo on [g , ^] is <C and we find that the total cost of 
replacing J 9/10 by dg -[£o_ in Mq is 



00 ., 00 



d qo- 



1 
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Thus we infer that 



[« 



A>er (?opr 2 X> 

o^o 



2ro 

Q 4 



[f] 

^ ^ dip(q )g 

d qo = l 



Q_ 

dqo 



E 



(4.11) 



D £r q pr 2 V 



\dqo r q 0/ ' 



090 



|EE^*)»(|) d E p /\K^)* +0(e "' 

d <?o=l x 7 Do6rogoPr2l' r n v 

J °o 

r 090 

d go=l V W/ DoGroOoprof V UW/ 



2ro 

Q 4 



<j =l 1 D £r q pr 2 T> 

By Euler-MacLaurin summation and Lemma 14,31 the inner sum above is given by 

1 



roqo 



)du + 0\ sup |^(^)|+ / 

/ \xepr 2 V J 

* i"--. r\»- 



ro<?opr 2 £> x r q pv 2 V 

r q [ ^ V )dv + 0(1) = ^^ + 0(1). 



2 L d 



roqo \roqo 



du 



pv 2 V 

Inserting this back into Q4.11J1 we obtain 

4irr. 



Mr 



3Q 4 



(4.12) 



(q = dqo € [1, Q]) = ^ £ 9 2 5 (|) £ + O 

9=1 qo\q 



ln 2 Q 

Q 



47rrn f f (1 — xr ^_ x(l — x) 







6 



3 2 
ln 2 Q N 



ln 2 Q 



Q 

Proposition 14. II now follows from Q4.1UJI and l|4.12|) . 



2.3 



5. On the 6-level correlations 
In this section we prove Theorem 11.21 We first prove a counting result. 

Lemma 5.1. Let a,b,d be positive integers with gcd(a,b,d) = 1. Let d\ denote the largest 
divisor of d which is relatively prime with b, and put d2 = ^ • Then 

(5.1) #{0 < m < 2d - 1 : gcd(a + bm, d) = 1} = 2ip(d 1 )d 2 - 

Proof. Using Mobius inversion we express the left-hand side of ()5.1|) as 

KD) =J2fi(D) #{0<m<2d-l : D\a + bm}. 

0<m<2d-l D\d D\d 
D\a+bm 

Note that if D does not divide d\, then there is no m for which D\ a + bm. Indeed, if 
for some m we have D\ a + bm, then a = Dk — bm for some k £ 7*. Hence a is divisible by 
gcd(Z?,6). Then gcd(D,b) divides gcd(a, b, d) = 1, so gcd(L>,6) = 1, and by the definition 
of d\ it follows that D divides d\ . Therefore 

#{0 < m < 2d - 1 : gcd(a + bm, d) = 1} = n(D) #{0 < m < 2d - 1 : D\a + bm}. 

D\di 

For D\ d\ we have gcd(D,6) = 1 and there is a unique solution m (mod D) to the 
congruence a + bm = (mod D). Thus there are exactly values of m in {0, 1, . . . , 2d — 1} 
for which D| a + 6m. As a result we infer that 

#{0 < m < 2d - 1 : gcd(a + bm, d) = 1} = K D ) Jj = 2d Yj ^JT 

D\d! ' D\d! 

V{di 
di 

which proves the lemma. □ 



2d = 2^{d 1 )d 2 , 

«i 



For any positive integers a, b, q, consider the set 

M aM = {(A,B) : 1<A, B<2q, gcd(A,B) = l, q\Ab-Ba). 



Lemma 5.2. For q large and 1 < a, b < q such that gcd(a, b,q) = 1 

#AU, » ^ » " 



In q In q In In q 
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Remark. If in the definition of M a b,q we took the range of A and B to be [l,q] instead 
of [l,2g], the cardinality of N a ,b,q would be much smaller. For example, if 1 < a < q, 
gcd(a, q) = 1, and b = a, then q\ A — B, and in the range 1 < A, B < q this forces A = B. 
Then the only pair (A,B) with gcd(A,B) = 1 is (1,1), so M a ,b,q will only contain one 
element. Lemma 15.21 shows a sudden increase in the cardinality of J\f a ^,q when the range of 
A and B increases by a factor 2. 

Proof of Lemma \5.2l To make a choice, assume in what follows next that d = gcd(a, q) < 
gcd(6, q). Then gcd(d, b) = 1 since gcd(g, a, b) = 1. It follows that for any solution (A, B) to 
the congruence Ab = Ba (mod q), A has to be divisible by d. Write q = dqi and a = da±, 
so gcd(ai,qi) = 1. Denote by d\ the multiplicative inverse of a± (mod q±) in the interval 

Note that since q is divisible by the product gcd(a, q) gcd(6, q), we have d < ^fq. Therefore 
Qi > y/Q- So qi is large for large q, and by the Prime Number Theorem we know that 

(5.2) #{p prime : qi < p < 2qi} ~ . 

In qi 

For any fixed prime p with q\ < p < 2q\, we count the solutions 1 < B < 2q of the 
congruence 

(5.3) dpb = Ba (mod q). 
This is equivalent to 

(5.4) pb = Ba\ (mod q{). 

Since gcd(gi,ai) = 1, this congruence has a unique solution modulo q%, namely B = a\pb 
(mod qi). Denote by Bq the solution to (|5.4|) which belongs to the interval [1, < q\]. Then 
(|5.3j) will have 2d solutions, given by 

(5.5) B = B + q 1 m, < m < 2d - 1. 

It remains to be seen how many of the numbers B from (|5.5|) are relatively prime with 
A = dp. Note first that at most two such numbers B are divisible by p. Assume that 

(5.6) p\B + qim 1 , p\ B + qim 2 , and p|-B + <?im 3 , 

with < mi < m2 < 1^3 < 2d — 1. Since p > q\ , p does not divide qi . Then it follows from 
(IBTfl) that 

(5.7) p\ 7772 — mi and p\ 777,3 — m 2- 

Here at least one of the differences 7772 — mi, 7773 — 7772 is less than d, and d < ^fq < qi < p, 
so it is impossible that both divisibilities in (J5.7D hold true. Therefore at most two numbers 



25 



from (|5.5|) are divisible by p. Note also, by the same reasoning, that for smaller values of d 
- more precisely for d < y|, that is d < ^ - one has 2d < p. Then one concludes that at 
most one number B from (|5.5|) can be a multiple of p. 

We now count the numbers B from (|5.5|) which are relatively prime with d. We claim 
that gcd(i?o, Qi, d) = 1. Indeed, let us assume this fails and choose a prime divisor p\ of 
gcd(-E>o> Qii d). Since p± \ d, we have pi \ a and pi \ q. Recall that B satisfies (|5.4(l . hence 

(5.8) pb = Boai + q\k 

for some k G Z. Here pi|i?o, Pil^i, so pi must also divide the left side of ()5.8j) . The 
inequalities pi < Bo < 9i < P show that pi ^ p, so p divides b. But then pi | gcd(a, b, q) = 1, 
and we obtain a contradiction. This shows that gcd(-E>o, Qi, d) = 1. Then Lemma |5.1I is 
applicable to Bo,qi,d. If d\ denotes the largest divisor of d which is relatively prime with 
qi, and di = then Lemma l5~T1 provides 

#{0 < m < 2d - 1 : gcd(B + qi m, d) = 1} = 2</?(di)d 2 - 

It follows in particular that there are always at least two numbers B as in (|5.5|) for which 
gcd(-B, d) = 1, and as soon as c?2 > 2 or d\ > 3, there are at least four such numbers. Since 
at most two numbers B as in (|5.5|) are divisible by p, and for small values of d we know that 
at most one number B as in H5.5|) is divisible by p, we conclude that in all cases we have 

(5.9) #{1 < B < 2d : gcd(B,dp) = 1, dpb = Ba (mod q)} > ip(d 1 )d 2 > tp{d). 
Combining ()5.9|) with ()5.2|) we infer that 

_u_ \r ^ qMd) q<p(d) ^ q <p(d) 

W-Na,b,q > -j = "7j ^ 1 • —J— ) 

In dingi ing a 

and the lemma is completed using the inequalities 

P(d) > <p(q)_ 1 



d q lnlng 



□ 



Let now q be a large positive integer, let a, b E {1, . . . , q} such that gcd(a, b,q) = 1, and 
let Q be a positive integer larger than q. In our applications Q will be at least of the order 
of magnitude of qs . We will construct some sets of lattice points inside the square [0, Q] 2 , 
indexed by the set M a ,b,q- Precisely, we select a positive integer M, which will be chosen later 
to be the integer part of a certain fractional power of Q, and for each pair (A, B) £ J\f a b,q 
we construct a set M.a,b = -Ma,b(cl, b, q, Q, M) as follows. Fix (A, B) G M a fi,q- To make a 
choice assume that B < A. Let C be the integer defined by the equation 

(5.10) bA-aB = qC. 



2(i 



Denote by u the unique integer satisfying 

u = -BC (mod A), < u < A - 1, 

where B is the multiplicative inverse of B modulo A, and put v = . Then v is an 

integer. Also, from the inequalities 



aB bA - aB 
-B< < 

q q 



C< b A<A 

q 



it follows that § G ( - f , l) C (-1, 1). Hence 



C £u + C Bu 

-1< - < ^- < — + 1< B + 1, 

yl A A 

so that w G (—1,5 + 1). Thus < v < B, since v is an integer. Let now s = [^], and 
define M.a,b to be the set of lattice points given by 

Ma,b = {{u + mA, v + mB) : s-M<m<s-l}. 

Note that the case A = B can only occur when a = b, and in this situation we also get 
C = 0, u = v = 0, and so Mo t o = {(mA, mA) : s — M < m < s — 1}. We have constructed 
#J\f a ,b,q se t s °f the form M.a,b, each set M.a,b consisting of M lattice points. Note that 
u, v, s in the definition of Ma,b depend on the pair (A, B). In what follows we assume that 
M satisfies the inequality 

Q 



(5.11) 

Define also 



M < 



Aq 



M aAq = \J M a ,b- 

(A,B)£jV a ,b,q 

Some properties of these sets are collected in the following lemma. 



Lemma 5.3. (i) dist([0, l] 2 , M aM ) > |. 

(ii) M a ,b, q C [0,Q] 2 . 

(iii) The sets Ma,b are disjoint. 

Proof, (i) Owing to Q5.11JI and to the inequality 



x 



X 

> — 1, 

- 2 



we have for any (^4, B) G N a ,b,q and any point (u + mA, u + mB) G M.a,b 
u + mA > mA > (s - M)A > 





~Q~ 




~Q~ 


>>-( 


~Q~ 




\Q~ 


) 


( 


A 




M. 


A 




2A 





Q Q 
A>^-A>^-2q. 
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Recall that Q is much larger than q. It follows that the distance between any two points 
P G [0, l] 2 and P' G M a ,b, g satisfies 

(5.12) \\PP'\\ > — -2q- 1 > — . 

2 3 

(ii) For any (A, B) G J^"a,b,q with, say, A > B, and any point P = (u + mA, v + mB) G 
Ma,b, one has u + mA < u+ (s - I) A < sA < Q. Also, < v + mB < v + (s - l)B < 
sB = [j[\B < Q, since B < A. Hence all points P G Ad a ,b,q he inside the square [0, Q] 2 . 

(in) Assume that there is a lattice point P = (ni,rt2) which belongs to two sets M.a,b 
and .Ma'.b' with (A-B), (^',5') G N aM and (A, B) / (A', B'). Assume first that B < A 
and B' < A'. Then 

(5.13) ni = u + mA, ri2 = v + mB 
for some m G {s — M, . . . , s — 1}, and similarly 

ni = u + mi, rt2 = v + m B 

for some m' G {s' — M, . . . , s' — 1}, with u,v,s,u',v',s' given by appropriate definitions. 

We compute the ratio q ™^Za m two ways. First, by ()5.13j) . (|5. 1U|) and the equality 
v = Bu + C we have 

qri2 — b qv + gmi? — b qBu + + AqmB — Ab qBu — aB + AqmB B 
qn\ — a qu + qmA — a A{qu + qmA — a) A{qu + qmA — a) A 

By a similar computation we also have 

qn 2 - b _ B' _ B 
qni — a A' A 

Since A, B, A', B' are all positive and gcd(£>, A) = gcd(B', A') = 1, this forces A = A' and 
B = B'. 

In general we get by the same argument mm{A,B} = mm{A',B'} and m&x{A,B} = 
max{A', B'}, thus (A', B') G {{A, B), (B, A)}. If A' = B and B' = A, we get | = f , hence 
A 2 = B 2 and A = B = 1. □ 



Fix now a point P( x ,y) £ [0> I] 2 an d a pair (A, 5) G M a ,b,q- Also, choose any two points 
P, P' G -M^.B; say P = (u + mA, u + mi?) and P' = (u + mM, v + m'B), with m, m' G 



2S 



{s - M, . . . , s - 1}. Consider the angle 6 = ZP'P {Xty) P. Then by flgJZD 

2AreaAP'P f:E „- l P 18AreaAP'P fa . 
I sin 01 = ,, „ < ( y) 



(5.14) 



P P {x,y) II ll-f"-P(i;,y)ll 
9|(w + m'A — x){v + mB — y) — (u + mA — x){v + m'B — y)\ 

Q 2 

9\m' — m\ ■ \A(v — y) — B(u — x)\ 



< 



Q 2 

9M\A(v-y) -B(u-x)\ 



Q 2 

Next, using the equality v = Bu t , we rewrite (|5.14j) as 

,,,,, , . fll , 9M\C + Bx-Ay\ 

(5.15) |smfc>|< —2 . 

Since |C| < max{yl,P} < 2q and < x,y < 1, we see that |C + Px - ^4y| «g. If M 
satisfies (|5.11(l . then M\C + Bx — Ay\ <C Q. As a consequence of (j5.15|) we also have 

|sin0| <IC — . 

From (|5.15j) we also infer that 

(5.16) |*| < ^ « W + B*-*\ . 

2 Q l 

By (j5~TU|) and lf5~T5)) we derive that 

M\Cq + Bqx - Aqy\ M\A(b — qy) + B(qx — a)\ 



(5 - 17) |e|<< qQ < ^ 

As a consequence of (|5.17|) and of the inequalities 1 < A, B < 2q, we have 

(5.18) \e\ « M(\b-gy\ + \qx-a\) 

uniformly for all pairs (A,B) G -N~a,b,q and all pairs of points P, P' G A^a.s- 

Proof of Theorem VFA Fix (x, y) G [0, l] 2 , A = (Ai, . . . , A 5 ) G M 5 with Ai, . . . , A 5 > 0, and 
5 > 0. The case when both x and y are rational numbers is clear. In this case, if we fix an 
integer mo > 1 for which both rri^x and may are integers, and consider the set of lattice 
points A = {(£mox,£moy) : t = 1, 2, ... , }, then all these points lie on the same line, 
that passes through P( x ,y)- Then all the 6-tuples of distinct elements from A will contribute 

t0 n fly)^ X )- SillCe # A = KM* foll ° WS that 



Note that in this case the 3- level correlations already diverge as Q — > 00. 
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Consider now the case when at least one of x, y is irrational. With x, y, A and 5 fixed, 
choose a large positive integer Q. Let 1 < T < Q be a parameter, whose precise value will 
be chosen later and will be the integer part of a fractional power of Q. By Minkowski's 
convex body theorem (see Thm. 6.25] for the formulation used here), there exists an 
integer 1 < q < T for which 

(5.19) (qx) < -L and (qy) < , 



where ( • ) denotes here the distance to the closest integer. Let a and b denote the closest 
integers to qx and qy respectively. Then < a, b < q, max{a, 6} > 0, and (|5.19j) gives 

(5.20) \qx — a\ < —= and \qy — b\ < —= . 



Dividing if necessary a, b and q by gcd(a,6, q), we may assume in what follows that 
gcd(a,b,q) = 1. 

We will have T — > oo as Q — > oo, and since at least one of x, y is irrational, this forces 
q — > oo as Q — > oo. Then all our previous results valid for large q are applicable. 

Let M be a positive integer satisfying (|5.11|) . whose precise order of magnitude will be 
chosen later. Consider the disjoint subsets M.a,b of Oq, with (A, B) £ ftf a ,b,q- By (|5.18|) 
we know that for any (A,B) £ J^"a,b,q an d any P,P' G Ma,b, the measure of the angle 
/-PPi xy \P' satisfies 

,z 0U , fl M{\b-qy\ + \qx-a\) 
(5.21) \"p,P'\ ^ 



Q 2 

Plugging (f5~2U)) in (jQTj) we find that 

M 



g 2 ^ 



If we take the order of magnitude of M to be slightly smaller than that of both ^ and 



Q 

iq 



'T, for instance 
(5.22) M = min 

I L 4 ^J L m( 3_ 

then M will satisfy ()5.11|) on the one hand, and on the other hand we will have 

1 



\0p,P'\ < 



Q 2 InQ 



It follows that for Q large enough in terms of Ai, . . . , A5, all the 6-tuples (Pi, . . . , Pq) of 
distinct points from M.a,b will contribute to T^^y) Therefore, since #M.a,b = M for 

each (A,B) £ M a ,b,q-> we derive that 

nfl y)>Q {\) > i • #N aM ■ M(M — !)••• (M — 5). 
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Here N = #Oq = (2Q + l) 2 , and from (j5~2l?|) and Lemma [Q it follows that 

( 5 - 23 ) n (L\.oW » 7v5 n zrz iz : » mm J — 



(*,»),« ^ ^ Q2 ln , ln ln g - \ g 5 ln 2 ? > Q2 ln 8 Q j ■ 

3 

We now choose T = [Q 3 ]. Then, no matter how small q might be, we have 

(5.24) — > > <2^ 5 for large Q. 
y ' Q 2 In 8 Q ~ In 8 Q 

Also, since g < T, it follows that 

(5.25) > > > Q^H for large Q. 
V ; q 5 In 2 9 ~ T 5 In T ~ In Q 

Now (d follows from (t5~231) . (|5~2i]) and JOSJ). □ 



6. Appendix 

For a fixed integer g > 2, we consider for any integers m, n, h and any sets /, I\, I2 C 
the Kloosterman sum 



„, f mx + nx \ 
K(m,n;q) = ^ el I. 



i(mod (jr) 
gcd(x,g)=l 



the incomplete Kloosterman sum 



.,, . ( mx + nx \ 
K(m,n;q)= ^ e y " J' 



gcd(x,q) = l 

and the set 

N q , h (h,h) = {(x,y) G h x J 2 : gcd(x,g) = 1, zy = /t (mod g)}. 
Here x denotes the multiplicative inverse of x (mod q). 

Lemma 6.1. (j^l Lemma 2.2]) Suppose that f is a piecewise C 1 function on [a,b]. Then 

£ /W = ^r/ 6 / + o(^(ll/IU + ^/)). 

a<k<b 
gcd(fc,g)=l 

Lemma 6.2. ((21 Lemma 1.6]) For any interval I C [0, g) and any integer n 

|S/(0,n,g)| < gcd(n,gjM +e . 



Proof. We write 



5/(0, n,q) 



a; (mod q) 
gcd(x,q)=l 



nx\ v— \ 1 



E ^JE^E 



j/gj J fc=i 



(6.1) 



;EE^) E 



fc=l y£l 

q 



i(mod q) 
gcd(«,g)=l 



fe(y - x) 



-fex + nx 



q k=i yei V x J 



The inner sum is a geometric progression and can be bounded as 

1 1 



(6.2) 

By (EH and JOJ) 



E' 

y&I 



q 



< min < |7|, 



|5/(0,n,9)| < - K(0,n,q)\I\ + - 



q-l 



fc=l z ll gll 

qqz +£ gcd(n, q) 2 (p+ e gcd(ra, g)glogg 



+ 



<C gcd(n, 



^2e 



Proposition 6.3. Suppose that C [0,g) are intervals. Then for any integer h 



Proof. We write 



iV,,i(ii,/a) = ^ I'll |/ 2 | + J (< ; i+ i gcd(M)). 



" „,^r. »,^r_ 1.— n \ " / 



xeh,yei 2 k=o 

gcd(a:,g)=l 

where the main term can be expressed, as a result of Lemma 16. II as 

M=~ £ l = ](^\h\+0(q*))(\h\+0(l))=^\h\\l 2 \+0(q^ 
gcd(x,g)=l 
The error is given by 

E 4EE<?) E <-f)^EE <?) Sf ,(o,-M„). 

y fc=l ye / 2 v H 7 xe/i v ^ 7 H k=i yeh v 7 

gcd(a;,g)=l 
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Owing to l|fi.2j) . Lemma HOI and to the inequality gcd(kh, q) < gcd(/t, q) gcd(k, q), we have 

^ fc=l II <? II k=l 

Writing k = dm, with d = gcd(fe, m), we eventually get 

ii 11 ii ii 

\E\ < gcd(/i, q)iq2 +£ £ — £ — ^ g cd (^, g)2g2+ 2£ logg < gcd(/i, g)2g2+ 3e . 

d|g " m=l 

□ 

Proposition 6.4. Assume that q > 1 and /i are two given integers, X and J are intervals 
of length lesser than q, and f : I x J — > R is a C 1 function. Then for any integer T > 1 
and any 5 > 

£ /M) = ^ // f&y)d*dy 

a£l, fee J' Xxj7 
ai)=/i(mod g) 
gcd(6,g)=l 

+ O, (^H/lUg^ gcd(h, q) + Tp/|| 00 gl +<5 gcd(/», q) + |J| 
The proof is identical to that of Lemma 2.2 in and relies on Proposition 16.31 
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